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BEURLING-TYPE INVARIANT SUBSPACES OF THE 
POLETSKY-STESSIN HARDY SPACES IN THE BIDISC 

BEYAZ BA§AK KOCA AND SiBEL §AHiN 
Dedicated to Prof. Dr, Nazim Sadik on the occasion of his 65th birthday 


Abstract. The invariant subspaces of the Hardy space on (B) of the unit 
disc are very well known however in several variables the structure of the 
invariant subspaces of the classical Hardy spaces is not yet fully understood. 
In this study we examine the invariant subspace problem for Poletsky-Stessin 
Hardy spaces which is a natural generalization of the classical Hardy spaces 
to hyperconvex domains in C". We showed that not all invariant subspaces 
of H?(ID)^) are of Beurling-type. To characterize the Beurling-type invariant 
subspaces of this space we first generalized the Lax-Halmos theorem of vector 
valued Hardy spaces to the vector valued Poletsky-Stessin Hardy spaces and 
then we give a necessary and sufficient condition for the invariant subspaces 
of to be of Beurling-type. 


Introduction 

In [2, Beurling described all invariant subspaces for the operator of multipli¬ 
cation by z on the Hardy-Hilbert space R^(D) of the unit disk. In all 

invariant subspaces are of Beurling-type i.e. they are of the form /R^(D) where / 
is an inner function in R^(D). However, in several variable case the structure of the 
invariant subspaces cannot be characterized in such a simple form. Although it is 
quite clear that the Beurling-type subspaces, are invariant; it is known that not all 
invariant subspaces are of this form. In [7], Jacewicz gave an example of an invari¬ 
ant subspace which can be generated by two functions but cannot be generated by 
a single function. Later, Rudin [B] gave an example of an invariant subspace which 
cannot be generated by finitely many elements. There are several studies that try 
to characterize the Beurling-type invariant subspaces of and in this study 

we are going to generalize one of these studies given by Sadikov in [10] . 

In 2008, Poletsky and Stessin introduced Poletsky-Stessin Hardy spaces and gener¬ 
alized the theory of Hardy spaces to hyperconvex domains in C". The structure of 
these spaces is examined in detail in HI nn [mill]. Hence, it is natural to ask the 
invariant subspace problem in the case of Poletsky-Stessin Hardy spaces. In the 
case of unit disk, Alan and G6gu§ m showed that all invariant subspaces of the 
Poletsky-Stessin Hardy space R^(D) are of Beurling-type. In this study we are go¬ 
ing to consider the multivariable case for the Poletsky-Stessin Hardy space iL|(D^) 
of the bidisc. First of all using analogous methods to Jacewicz we will show that 
there exists an invariant subspace of iL|(D^) which is not of Beurling-type. Then, 
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we are going to generalize the classical Lax-Halmos theorem to using the 

methods of vector valued Hardy spaces. Lastly, we are going to characterize the 
Beurling-type invariant subspaces of H?(D^) by generalizing the ideas of Sadikov 
[To] that he used for the Beurling-type invariant subspaces of classical Hardy space 


1 . Preliminaries 

In this section we will give the preliminary definitions and some important results 
that we will use throughout this study. Before proceeding with Poletsky-Stessin 
Hardy spaces let us first recall the classical Hardy spaces of the polydisc given in 

m 

Definition 1.1, Hardy spaces on the unit polydisc of are defined for 1 < p < oo 
as : 

H^(D-) = {/ G 0(B-) : sup / jf(rzrdM)i < 00 } 

0<r<l (iTTj" Jjn 

where T” is torus and /r is the usual product measure on the torus. And 
H-(D-) = {/ e 0(ro") : sup \fiz)\ < 00 } 

In [8], Poletsky & Stessin introduced new Hardy type classes of holomorphic 
functions on hyperconvex domains H in C". Before dehning these new classes let 
us first give some preliminary definitions. Let ip : Q ^ [~oo, 0) be a negative, 
continuous, plurisubharmonic exhaustion function for H. Following [4] we define 
the pseudoball: 

B{r) = {z G H : ip{z) < r} , r G [—oo,0), 

and pseudosphere: 

S{r) = {z G H : ip(z) = r} , r G [—oo,0), 

and set 

(pr{z) = mSiK{(p{z),r} , rG(—oo,0). 

In [3], Demailly introduced the Monge-Ampere measures in the sense of currents 
as : 

= [d(fp3rT “ Xn\B (r) (dd^^If)'^ r G (- 00 , 0). 

In this study we will use the boundary value characterization of Poletsky-Stessin 
Hardy spaces in most of the results so let us also mention boundary measures which 
were introduced by Demailly in [5]. Now let </? : H —>■ [—oo,0) be a continuous, 
plurisubharmonic exhaustion for H and suppose that the total Monge-Ampere mass 
is finite that is, we assume that 

(1.1) MA{ip) = [ (dd»" < 00 . 

Jn 

Then as r approaches to 0, converges to a positive measure weak*-ly on 
H with total mass J^(dd‘^(p)"‘ and supported on dfl. This measure is called the 
Monge-Ampere measure on the boundary associated with the exhaus¬ 
tion ip. As a consequence of m, Proposition 2.2.3) we know that the boundary 
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Monge-Ampere measure d^u is mutually absolutely continuous with respect to the 
Euclidean measure on the unit circle and we have, 

(1.2) dfjLu = f3{9)d9 

for a positive function /? which is defined as 


I3{9)= [ P{z,e^^)dd^u{z). 

Jo 

Now we can introduce the Poletsky-Stessin Hardy classes, which will be our main 
focus throughout this study. In [S], Poletsky & Stessin gave the definition of new 
Hardy type spaces using Monge-Ampere measures as : 


Definition 1.2. HP{id) for p > 0, is the space of functions / G 0(H) such that 


1 —>- 0 - •> S^Xr) 
The norm on these spaces is given by: 


limsup / \f\^d^^p^r < oo. 

1 —>- 0 - Js,„_(r) 


IffP = [ lim f Ifl^dn^A 

\r^0- Js^(r) J 


and with respect to these norm the spaces H'^{Vl) are Banach spaces [8]. 

In Poletsky-Stessin Hardy spaces of the unit disk we have the canonical inner-outer 
factorization analogous to the classical Hardy space case m, Theorem 4.2) but 
throughout this study we will consider a special type of inner functions which is 
defined in m as follows: 


Definition 1.3. Let u be a continuous, subharmonic exhaustion function for ID). 
A function (f) G ^ u-inner function if \4>*{0 \'^equals to 1 for almost 

every ^ G T where /3 is the function given in (EH). 


Remark 1.4. The set of u-inner functions is non-trivial. In fact first all we need 
to show that there is a holomorphic function (p such that |0*| = Now since 
/3(^) = Jj^P{z,^)dd‘^u{z) it is a strictly positive function, > c for some c > 0 
so is a bounded, positive function. Then by [SI 3.5.1] we know that we have an 
analytic function 

so that (j) G iL°°(D) and a.e. on T. Then = 1 a.e. on T and 

c H^iB) so (j)G 

In the following sections our main focus will be on the Poletsky-Stessin Hardy 
space, of the bidisc generated by the following special type of exhaustion 

function: 

Let u be an exhaustion function of the unit disc D with finite Monge-Ampere mass. 
Then the following plurisubharmonic function, 

u{z,w) = max{u(z), u(u;)} 
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is an exhaustion for the unit bidisc For this exhaustion function u, the cor¬ 
responding boundary Monge-Ampere measure on the torus is given as follows 
m, Theorem 3.2.1) : 

d^J.u{9l,02) = dnui9l)d^iu{^2) = P{9i)P{92)d0ide2. 

By [21 3.5.2] we can generalize the definition of it-inner function to U)^ so for a 
plurisubharmonic exhaustion function u of we can find a holomorphic function 
(j) on (which is called £t-inner) such that (j) S i7?(D^) and |^*(C) ?7)P/3(0/3(b) = 1 
a.e. on where dnu{C,v) = ld{C)ld{v)d^drj. 

We call M an invariant subspace of i/|(ID)^) if (a) M is a closed linear subspace 
of and (b) / G M implies zf € M and wf G M, i.e., multiplication by 

polynomials maps M into M. An invariant subspace M is called Beurling type if 
it is of the form M = , where (f) is n-inner. 

In one variable case Alan and G6gu§ m Theorem 3.2] extended the classical 
characterization of invariant subspaces to the Poletsky-Stessin Hardy spaces as 
follows: 

Theorem 1.5. Let M ^ {0} be an invariant subspace of H^(JD)). Then there exists 
a M-inner function (j) so that M = 

2. Main Results 

In this section we first show that the Poletsky-Stessin Hardy space on the 
bidisc has an invariant subspaces which is not of the form fH’^fU'^) for any / G 
in contrast to one variable case. Before proceeding, we recall that 
can be seen as a closed subspace of the standard Lebesgue space L^(T^) 

which consists of the functions in L^(T^) with Fourier coefficients vanishing off a 
pair of nonnegative integers. To each function / in with Fourier series 

J2mn=o we associate the function n=o ctmnz"'w^ analytic on H)^ 

which we also denote by /. For more details, see |6]. Note that since F1?(]D)^) is 
a subspace of by m p.54], every function in i/|(ID)^) also has the Fourier 

representation above. 

Theorem 2.1. There exists an invariant subspace M o/ which is of the 
form M = -|- / 2 il^(ID)^) for some /i ,/2 G but can not he of the 

form M = hH'^fp'^) for any h G il|(ID)^). 

Proof. We choose fi{z,w) = (f>{z)(f>{w)q{z) and f 2 {z,w) = 4>{z)4>(w)w, where (() is a 
non-vanishing u-inner function in g is a nonconstant, singular inner function 

in 77^ (D), which means that q never vanishes in ID) and has modulus one a.e. on T. 
It is clear that /2 G and since 


ll/illfi?(D2) = [ [ \<l}*{z)cl)*{w)q*{z)fdfj,u{z)dfj,uiw) 

“ Jt Jt 


\(l)*{z)\ |((>*(w)| \q*iz)\ dp.u{z)dp.u{w) 


T Jt 


Jt Jt 


dzdw 


dzdw < 00 
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/i S Consider M = + / 2 i/^(D^). It is easily seen that M is an 

invariant subspace of i7|(]D)^). 

Suppose that M is of the form M = for any h € H?(lIJi^). Let H'^{Si) 

denote the subspace of L^(T^) consisting of functions whose Fourier coefficients 
vanish off the half-plane Si = {{m,n) G : to > 0} U {(0,n) G 7? : n > 0}. It is 
clear that Mi := hH^{Si) is the invariant subspace of H^{Si). If q and (p have the 
form q{z) = X]m=o and (j){z) = J2m=o ^rnz"^ respectively, then we see that 

C OO oo \ oo 

amZ'^ - amZ'^W~'^W j = /l - X! ^rn{z^W~'^)f2 

m—0 m—1 / m—1 

lies in Mi. Because Cm = (w, —1) G for to > I and so Cm /2 = z"^w~^f 2 G Mi. 
Since 9 is a singular function and (p is non-vanishing, b^ao = p{0)p{0)q{0) ^ 0, 
so that the constant functions lie in Mi. Thus Mi = hH^{Si) = H^{Si). This 
property of h for any half-plane containing the support of Fourier transform of 
h is equivalent to an analytic condition independent of the half-plane [71 p.l28]. 
In particular hH^{S 2 ) = H^{S 2 ) for the half-plane S 2 = {(to, n) G 1? '. n > 
0} U {(to, 0) G Z^ : to > 0}. 

Let P be the orthogonal projection of H^{S 2 ) onto H^{V)) (Remark that the 
Fourier coefficients of the element of are zero for to < 0). The invariant 

subspaces of the form /liL^(D^) + f 2 H^(D‘^) and /liL^(D^) are the same. Since 
S 2 contains the set {{m,n) : to > 0 ,n > 0 }, the invariant subspaces fiH‘^{S 2 ) + 
/ 2 iL^(S' 2 ) and hH‘^{S 2 ) are the same. These subspaces are denoted by M 2 (/i,/ 2 ) 
and M 2 {h), respectively. F[M 2 (/i,/ 2 )] is the closed linear span of all z'^p{z)q{z), 
for TO > 0, while P[M 2 {h)] = Thus by the definition of fi from q, it is 

obtained p{z)q{z)H'^(D) = iL^(D). In view of the equality i7.^(D) = p{z)H'^(D), 
we have = iL^(D), i.e., q is outer in H'^ {!])). This is contradiction and so 

M can not be of the form M = hiL^(D^) for any h G iL|(lD>^). □ 

As a consequence of this theorem, we have that not all invariant subspaces of 
JI?(D^) are Beurling-type. Then it is natural to ask the structure of Beurling type 
invariant subspaces of iL|(D^). 

First of all, we need to recall the class of vector-valued analytic functions. Let 
AT be a Hilbert space with inner product (•, •) and norm || • \\k. Then by H^{K) 
we mean the space of all AT-valued holomorphic functions f{z) = ^nz"^ on D 

for which the quantity 


, „ 2 ir 00 

•^0 n =0 

remains bounded for 0 < r < I. Clearly, H^{K) is a Hilbert space under the inner 
product 

1 P‘2'K ^ 

(f,ff)2 = lim— / {f(rP^),g(rP‘^))Kde = '^{an,bn)K 

271 Jo 

for any f{z) = diz) = space. Now if AT is a 

reflexive Banach space then it has Fatou Property i.e. each / G H^{K) has non- 
tangential limits on dK (m pg:38, 48]). Hence, we know that each / G H'^{K) 
has the radial limit /* as a Bochner measurable function and /* G L^{K), where 
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L\{K) is the space of L^{K) functions whose negative Fourier coefficients are 0, 
and we also have \\f\\m{K) = II/*IIl 2 (^x) (For details see [Ml pg:183-186]). 

On the other hand, if B{K,Ki) denotes the algebra of all the bounded lin¬ 
ear operators from K to iFi, then by H°°{B{K, Ki)) we mean the algebra of 
bounded B{K, Ki)-valvLed holomorphic functions 0 on D in the norm ||0||oo = 
sup^gD II®('^)IIb(a: ATi) ^ obvious that each 0 S H°°{B{K,Ki)) gives rise 

to a bounded linear operator from H^{K) into H^{Ki) namely, to an element 0, 
we correspond an operator 0 : H^{K) —>■ H^{Ki) that is defined by the formula 

(0/)(z) = e{z)f{z), z e D, / e H\K). 

An operator-valued 0 S H°°{B{K, Ki)) is called inner if 0(e®*) is an isometry 
from K into Ki for almost every t or equivalently, the operator 0 is an isometry. 
The reader can find the details of vector-valued analytic functions in laiiiiiii]. 

Analogously, we are going to define the vector valued Poletsky-Stessin Hardy 
spaces as follows: 

Definition 2.2. Let AT be a Hilbert space, u be a continuous, subharmonic ex¬ 
haustion function for D. Then the vector valued Poletsky-Stessin Hardy space is 
defined as follows: 

H^{K) = {/ : D —>• AT, holomorphic : sup / ||/(z)|||-d/i„,r(-z) < oo} 

’’<0 JS„(r) 

Following step by step the same arguments from the scalar valued case one 
can easily see that H^{K) C H‘^{K). Thus, we automatically inherit the radial 
boundary values from the classical Hardy space H^{K) and again just rewriting 
scalar value arguments we have the following boundary value characterization: 

Proposition 2.3. Let f G H^{K) and f* be its radial boundary value function. 
Then 

wfwhw = wnh (K) = [ wnmUTuio 

+ ,UV Jj 

Proof. Directly follows from the scalar valued argument given in m, Theorem 

2.2.1). □ 

Now, recall the Wold decomposition for isometries [I4l p.3. Theorem 1.1]: Let 
V be an arbitrary isometry on a Hilbert space H . Then H decomposes into an 
orthogonal sum H = Hi® H2 such that Hi and H2 reduce V, the part of V on 
Hi is unitary and the part of V on H2 is a unilateral shift. This decomposition is 
uniquely determined, indeed we have 

00 00 

Afi = Pi V^H and H2 = 0 V^E where E = HQ VH. 

n—0 n—0 

The space Hi or H 2 may be absent, i.e., equal to {0}. 

If the Poletsky-Stessin Hardy space over the bidisc is interpreted as the vector¬ 
valued analytic functions on the unit disc of complex plane, then invariant subspaces 
under the multiplication operator by the independent variable z are described in 
terms of Lax-Halmos theorem. 
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Theorem 2.4. Let M be a non-zero subspace of M is invariant 

under the multiplication operator by the independent variable z if and only if there 
exists a Hilbert space E and an inner function 0 G such that 

M = QH^{E). This class of the functions 0 is denoted by {0m}- 


First of all, we need the following lemma: 

Lemma 2.5. Hf{H‘f{p)) = {Hfiji)) where (p is the u-inner function which 
gives 

Proof. Let / G Then f{z) = ip(z)h{z) where h{z) G Now 

/ \\fiz)\\H 2 (p)dnuiz)= / \(p{z)f\\h{z)\\H 2 (p-jdnuiz) 

JT JT 


= / = ||h||_H-2(^f2(D)) < 00. 

JT 


jt 

Then / G and (if2(D)) D ipH^{H^{I]))). Conversely, let / G 


HliHl 


fiz) fiz) 

. Then consider the function —rw- We want to show that , = h{z) 


ip{z)' 


is in ii^(ii„(D)). First of all for all 2 G D h{z) = 


fjz) ^ _h^ 

p{z) p{z) 


p{z) 

G i?u(D) since 


hz G Hf 


and 




\h^{w)\‘^diiuiw)d0 


Jt jm 

/ / \hJw)\^dp.u{w)dyLu{.z) 

jB t/B 


= j_^\\f{z)\\]j 2 ^^o)dpu{.z) = ll/ll < oo. 

since |f>P/3 = 1 a.e. we have = dO. Hence we obtain H^{Hf^(D)) C 

V7ff2(ii2(D)). □ 


Proof of Theorem ()2.4I) . If 0 G H°°{B{E,ipHf^(D))) is an inner function then the 
corresponding operator is isometric and hence M = QH^{E) is closed. Its invari¬ 
ance for the multiplication by 2 ; is obvious. 

Now let M be an invariant subspace of i?^(7J^(D)) under multiplication by z. Now 
first of all embedding i^^(D) in iJ^(if^(D)) as a subspace by identifying the element 
A G with the constant function A(7;) = A; H^fD) is then wandering for the 

multiplication operator by 2 : and 


n—0 


and by Lemma (12.5p we have 


Ll2(if2(D)) = = ^z-{pH^^m)- 

n—0 

Let V denote the restriction of the multiplication operator by 0 to the invariant 
subspace M; this is an isometry on M. We have 

00 00 00 

f| V^M C fl z-HliHlm) C fl z-H^{Hlm) = {0} 

n—0 n=0 n=0 
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and thus V has no unitary part so that the corresponding Wold-decomposition of 
the form M = ©r= _Q V^E, where E = MQiVM). Let us now apply Lemma 3.2 [141 
p.l95] to i?+ = M, U+ = V, U = E, R'j^ = 17+ = multiplication by z, 

U' = i^i7^(D) and Q = the identical transformation of M into i7^(i7^(D)) , then 
there exists an inner function 0 G H°°{B{E, (pH^CD))) such that 

( 2 . 1 ) = Q(j)f 

on M. Since ipH^CD) consists of the constant functions in i7^(77^(D)), the Fourier 
representation of with respect to multiplication by z is identity trans¬ 

formation. On the other hand we have Qh = h for h G M. Thus (EB reduces to 
h = h € M and hence we have M = Q(j)^M = QE[^{E) as claimed. □ 

Lemma 2.6. Vector valued Poletsky-Stessin Hardy space i7^(i7^(D)) is isometri- 
cally isomorphic to the Poletsky-Stessin Hardy space i7|(D^) of bidisc. 


Proof. Let u{z,w) = max{M(z), m(w)} be the exhaustion function for the bidisc 
then we have the following isometric isomorphism between the Banach spaces 
HliHlm and i7?(D2): 

Take g G i7.^(i7^(D)) then g{z) = gz{w) for some g^ G Hf{I])). Now consider 
the corresponding function g on defined as g{z,w) = gz(w) then using l[llj. 
Theorem 3.2.1) we have, 


Il5ll 


2 

Hl{W) 


/T2 


\9*{^.h)?dpu{f,h) 


[ [ \9*{^,v)\'^dnu{v)dnui0 

Jt Jt 

/ Il5z|| ‘^Hi(n)dhu — ||g||^2(^2([j)). 


□ 


Suppose that a subspace M of i7|(D^) which is invariant under the multiplication 
operators by independent variables z and w is of Beurling-type, i.e., M is of the 
form M = ^77^ (D^) for some u-inner function </>. Since M is invariant under the 
multiplication by z, in view of Lemma (12.61) and Theorem (12.41) . it can be described 
by the class of functions {0m} ■ However, the subspaces determined by these class 
of functions {0m} are not generally of Beurling-type and the following theorem 
gives a condition for those subspaces which are defined by {0m} to be of Beurling- 
type using the simple relation 77^(i7^(D)) = H‘^(N) © H‘^{N-^), where iV is a 
subspace of H^fD) and its complement. 

Theorem 2.7. A subspace M of 77|(D^) is invariant under the multiplication 
operators by the independent variables z and w is Beurling-type if and only if there 
exists at least an operator valued holomorphic function 0(z), z G D m the class 
{0m} such that for every zq G ID) the operator 0(zo) on 77^(10) commutes with the 
multiplication operator by w in 77^ (D). 

Before starting the proof of the main theorem, we need the following preliminary 
results ([E], pp:34): 

Define 

d:{z)= f ^ ^ log{P{e^^))de 

Jt - z 
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then the function 

A(z) = 

is a holomorphic function of the unit disc which extends smoothly to the unit circle 
with the property \A*{e’’^)\ = /3(e®®). 

Theorem 2.8 (Shresta’15). The space i7P(D) is isometrically isomorphic to HP(JS)). 
Remark 2.9. The above mentioned isomorphism is given as follows: 

Hl{n) ^ i7P(ID)) 

f^A^f 

1 - 


Lemma 2.10. The set 




is an orthonormal basis of 


n,?7i>0 


Proof. It is enough to show that 


1 - 


is a complete orthonormal 


n,m>0 


set in i?£i(D^) by [3l Theorem 4.13, p.l6]. First we will show the orthonormality of 
this set: 


y/A{z)y/A{w) 




VA{z)y/A{w) ’ yA(zj^/A(w) ^ 

dp.u 


^in9\ ^im92 ^—‘in9i ^—im92 


t 2 \A*{e’-'^^)\\A*{e’-^^)\ 
dpLu{92 


C dpLuiOi) 


= / dOi / d92 = 1 


For any (ni,mi), ( 11 . 2 , 7712 ) such that (ni, 777i) ^ ( 772 , 7772 ), 


-1 V"! 


^2 cl '2 


\/ A{z)^ A(w) y^A{z)y^A{w) 


r gi(rii-n2)6i 

L |4l*(e*«7)| 


■dpLu{0i) 


„i(mi-m 2)@2 

|^*(e*® 2 )| 


-d/7„(6»2) 




since {z^}fc>o is orthonormal in 7J^(D). 

As for completeness let f{z,w) G Hu{D‘^) be such that 


g— ^—im92 


/t 2 Y^A*(e*®i)^A*(e*® 2 ) 


dtiu{di)dpu{02) = 0 


for all 77 , 777. We claim that / = 0. We have, by Fubini’s theorem, 

/* p — in9i„—im92 


Y^A*(e*®i)Y^A*(e*® 2 ) 


r I r p-in9x \ p-irae^ 

■7T yJT ^^*(6*^1) / A* {e^^'^) 


--dpn{92) 
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Now, using the fact that { ^ } is an orthonormal basis for we have that 

for all n 


Jt 


—inOi 




dfJ-uidi) = 0 Hu - a.e. 


Let En C T be the set of measure zero where the above equality does not hold and 
let E = [j^Er,. Then for e*®" ^ E, 

r -inSi 

/ - dHujOi) = 0 




for all n, and thus again using the fact that {—^==} is a complete orthonormal set 

in H^(D), we have that = 0 ^„-a.e. Therefore / = 0, ^s-a.e. which 

gives / = 0. Hence the claim follows. □ 


Lemma 2.11. The set of all bounded linear operators on iL^(D) commuting with 
the operators of multiplication by the independent variable z is the set of all multi¬ 
plication operators by multipliers in H°° (D). 

Proof. The claim is clear since the commutant of the multiplication operator by in¬ 
dependent variable on (D) is the set of all multiplication operators by multipliers 
in iL°°(D) by [ITl Problem 116] and is subspace of □ 

Proof of Theorem (EH). Suppose that there is a 0 in the class {0m} such that 
for any fixed zq G D, 0(zo) commutes with the multiplication operator by w in 
iL^(D). Since, by Lemma ( 12 . 111 ) . the commutant of the multiplication operator by 
w in i?„(D) is iL°“(D), it follows that 0(2;o) G for every zq G D. Let’s note 

that the function z —>■ 0 (z)l, where the function 1 in i?u(D) is identically equal 
to 1, is an analytic function of z taking values in iL^(D). Hence it follows that if 
(f = 01, then 0 (zo)l coincides with a function (f(zo, w), and the family of functions 
w —>■ 0(zo)(iv), ui G D is a family generated by an analytic function (p. To obtain 
that 0 is a {(-inner function it is enough to show that the multiplication operator 
by (j) in iL?(D^) is an isometry. If 5 G iL|(D^), then for g{z,w) = gz{w), by [11], 
we have 

Il5ll^= / [ \9*{^,v)fdHu{0dHu{v)= [ Wgilfd^uiv)- 

JTJT JT 

Applying this to the function (j)(p we obtain 


\\M\^ = / Wfl^vTvW^dHuiv) 

Jt 

and by assumption is an isometric operator for almost all t], therefore ||(/>r;‘/5r)|| = 
||(^^|| for almost all 77 and Thus the operator 0 in and 

the multiplication operator by </> = 01 in iL?(D^) are bounded operators which 


agree on vectors the type 


k,l > 0 under the canonical isomorphism 


Ja(z)Ja(w) 

between and iJ|(]D)^). In Lemma (12.101) we have proved that the ele- 

k,l> 0 are dense in iJ|(D^). Hence p = 01 and 0 correspond 


ments , ^ 

JA{z)^/A(w_ 

to each other. 
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For the converse direction now suppose that M is a subspace generated by a u- 
inner function (j) then for almost any ^ € T, •) is a rt-inner function in 
and the radial boundary values of the operator valued function Q{z), where 0(z) is 
the operator of multiplication by the function (j>, is an isometry almost everywhere. 
Hence the result follows. □ 
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